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1. Introduction 

In this work we study the problem of extending "multiply twisted" pluri- 
canonical forms from smooth divisors in a complex projective manifold. We first 
state the main theorem and then review some earlier results. Definitions and no- 
tation can be found in Section |2l 

Theorem 1.1. Let X be a projective manifold of dimension n, D c X a smooth divisor 
with canonical section sp. 

Let hi) he an almost semipositive metric (cf. \2.3i on the line bundle D such that |sd j/j^ 
is essentially bounded on X, i.e. bounded by a fixed number almost everywhere, and let 
{Li,hi), . . . , [Lm, hm) be semipositive line bundles (cf. \2.3\ such that the restriction of the 
singular metric hj to Lylo is well defined, i.e. not identically +00 along D. 

If there is a real number > such that 

as currents on Xfor j = \,. . . ,m, then for every section a of 

m 

■ ■ ■ J^m 

on D, where J^- denote the multiplier ideal sheaves J^{hj\£i), there exists a global section 
cr of 

m 

(g)(JCx + D + Lj) = m{Kx + D) + Li + ■ ■ ■ + L^ 

on X such that a\D = o- A (dso)®"' (cf.Tl}. 

Extension theorems of this type (for m = 1) date back to the work of Oh- 
sawa and Takegoshi [11 J on extending holomorphic functions from submanifolds 
of Stein manifolds with weighted L^ estimates. Their key idea is to use a modified 
Bochner-Kodaira inequality to achieve the L^ estimate for a skewed d operator. 
This theorem was generalized by Manivel 1 10| to the case of holomorphic sections 
of vector bundles. Variants of their theorems were used by Angehrn and Siu |1|, 
in their study of Fujita's conjecture, to prove the semicontinuity of multiplier ideal 
sheaves under variation of the singular metrics, and used by Siu |18 19J, in his 
proof of the invariance of plurigenera, to extend pluricanonical forms from the 
central fiber of a smooth projective family of complex manifolds to the total space. 

The argument exploited in 1.191 was generally referred to as a "two tower" 
argument by Siu. Indeed, in fl9l , the theorem of Ohsawa-Takegoshi type (m = 1) 
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is for the canonical bundle twisted by a suitable line bundle. In passing from 
a single canonical bundle to pluricanonical bundles, Siu combined the extension 
theorem with Skoda's theorem on (effective) ideal generation as well as a supre- 
mum norm estimate. Later Paun [13J simplified Siu's approach by showing that 
the supremum norm condition can be replaced by an one and the invariance 
of plurigenera can be deduced directly from the extension result without using 
Skoda's theorem. More precisely, he proved the following result: 

Theorem 1.2 (Paun [13]). Let n : X ^ Abe a projective family over the unit disk and 
{L,h) a semipositive line bundle on X such that the restriction h\xQ is well defined. Then 
every section of{mKxg + L\xg) (E) ^ {h\xg) on Xq extends to a section ofmKx + L. 

His proof consists of an elegant single tower climbing induction argument. 
The induction is on the multiple of the canonical bundle twisted by the fixed line 
bundle L equipped with a fixed singular metric h. It is then natural to ask, when 
climbing the tower, can we add different line bundles each with its own singular 
metric instead of just a constant pair {L,h). If this can be achieved, one may pos- 
sibly obtain an extension theorem of "multiply twisted" pluricanonical forms. In 
fact, Demailly proved the following result: 

Theorem 1.3 (Demailly ||3l). Let X and n be as in Theorem \L2\ and {Lj, hj) (1 ^ y ^ m) 
semipositive line bundles on X such that hj \ Xg are well defined. Suppose y{hj\xg) = 

for] = 2,...,m. Then every section of {mKxg + Li\xg-\ h Lm|xo) ® -^ihlxg) on 

Xq extends to a section of {mKx + + ■ ■ ■ + Lm). 

Note that, although Theorem [L3] enables one to add different line bundles Lj, 
only one of them is allowed to be equipped with a singular metric whose mul- 
tiplier ideal sheaf is nontrivial. This motivates us to look at the statement like 
Theorem ll.il which removes this restriction. This was recently achieved in |20| . 

Theorem 1.4 ( l20l ). Let n : X ^ Abe a projective family over the unit disk and {Lj, hj) 
(1 ^ / ^ Tn) semipositive line bundles on X such that /jy|xo ^"^'^ defined. Then every 
section of{mKxg + Li\xg + ■ ■ ■ + Lm\xo) ® --^i-^i ■ ■ ■ -^o extends to a section of 

{mKx + Li + ■ ■ ■ + Lm) on X, where J^j is the multiplier ideal sheave y{hj\xg) on Xq. 

Inspired by the results of Tsuji, Takayama, and Hacon-McKernan respectively 
in connection with their work on pluricanonical series |15|, [14 1, and |8|, we proved 
our theorem under the setting of pairs of a complex projective manifold and a 
smooth divisor whose associated line bundle satisfies some conditions on curva- 
ture. The projective family case is relatively easier in that the line bundle associ- 
ated to the central fiber is trivial, hence it can be ignored in the necessary curvature 
condition, i.e. the curvature inequality in Theorem 1 1 . 1 1 holds automatically. 

Most of our arguments in the proof of Theorem 11.11 follow closely Paim's one 
tower argument. The major new input to overcome the non-triviality of multiplier 
ideal sheaves J^{hj\D), which occurs during the intermediate inductive steps, is a 
more careful choice of the auxiliary twisting ample line bundle (denoted by A in 
our argument). This bundle needs to be sufficiently ample to take care of both the 
required metric properties and the global generation for related coherent sheaves. 
The complete discussion is presented in Section|3]and SectionlH 

For completeness and self-containedness of this article, we include in Appen- 
dix 1 (Section |5]l a proof of the Ohsawa-Takegoshi type theorem which we will 
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use. The proof is exactly the same as the proof in |jT9|, except that we deal with the 
situation in which the line bundle D is not trivial. A similar statement appeared 
in [17|, Theorem 2. It is worth noting that Friedrichs and Hormander's results ([5| 
and [7J) on the density in the graph norm (cf. Remark l5.2b plays an essential role 
when using the Bochner-Kodaira formula to get a priori estimates. This density 
result requires the weight functions to be smooth or to have at most suitably mild 
singularities. Therefore, to allow Hd to be a singular metric, one has to reduce the 
proof to the case when it is smooth. We discuss such a reduction in detail for com- 
pleteness, although it might be well known to experts. In addition, Theorem ll.ll is 
a refinement of [17J, Theorem 1. 

In fact we only dealt with the case /zd being smooth in our first version sub- 
mitted on October 2010 since we were still struggling on this subtle regularization 
issue at that time. We developed our treatment in Appendix 1 following ideas of 
Siu which we learnt from several of his lectures and private notes. We consider a 
locally biholomorphic projection from a Stein manifold to a Euclidean space and 
apply the convolution method on the target Euclidean space. 

We also noticed that in a recent preprint by Demailly, Hacon, and Paim [4J, 
an extension theorem similar to Theorem 13.11 has been proven. They also gave a 
detailed discussion on the process of smoothing singular metrics. Their approach 
is basically as follows. First one imbeds a Stein manifold V (which will be the com- 
plement of some suitable sufficiently ample divisor H in the projective manifold X 
under consideration) in an ambient M (which is an Euclidean space in their case). 
Then, by a theorem of Siu (Theorem 4.2 in fH) one can construct a Stein neigh- 
borhood W of y in the ambient space M which admits a holomorphic retraction 
r : W — > y. To smoothen plurisubharmonic fimctions on V, one first pulls them 
back to W via r, which are still plurisubharmonic. After applying the usual convo- 
lution method in the Euclidean space M to regularize the pulled back functions, 
one takes their restrictions on V. 

These two methods are different. Although both methods crucially use the 
Stein property and convolution, the difference lies in that the approach in [4J is 
"injective" and ours is "projective". 

We are able to extend Theorem 11.11 to allow Ly's to be R divisors instead of 
genuine line bundles. We are grateful to the referee for asking this question. Since 
the proof requires some other techniques, we will present it in a separate work. 
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March 2010 at National Taiwan University sponsored by the National Center for 
Theoretic Sciences and Taida Institute of Mathematical Sciences. Two major ref- 
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ous sharing. Also we would like to thank the referee for pointing out a gap in an 
earlier version of the proof of Lemma 15.11 which led us to formulate the almost 
semipositivity condition for hj) in our Theorem ll.il 

C.-L. would like to express his sincere gratitude to Professor Eckart Viehweg 
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2. Preliminaries and Conventions 

2.1. Adjunction. Given a smooth divisor D in a compact complex manifold X, 
we use the same letter D to denote the line bundle associated to D. In order to 
justify the restriction of sections of adjoint line bundles on X to get sections of 
adjoint line bxmdles on D, we need to take a closer look at the adjtmction formula 
Kd — {Kx + D) Id- Locally D is given by a set of equations {s^ = 0} with respect 
to an open cover {Ua}- The relations Sa = ga^s^ on Ua n give a 1-cocycle {gx^} 
of the sheave ff^ which defines the line bundle D, and tautologically the locally 
defined functions s^'s give a canonical section, denoted by sd, which is unique up 
to scaling and will be fixed throughout all arguments. The short exact sequence 

^ ^ TIId ^ T£ ^ 

implies a canonical isomorphism by taking wedge product: 

+ ^D/x = ^x\d- 

(We adopt the additive notation for tensor products of line bxmdles.) 

On the other hand, ds^ is a local frame of o^i 11^- Let be a local frame 

of D on Ucc for all a. The relation Sa = ga^s^ and = ga^ea implies that {dsa ® 
defines a global frame, denoted by dsn, of the line bundle + D|d, and hence 
Nq /X + 0|d is trivial. This induced the isomorphism 

Kd^Kd + N^/x + D\d^Kx\d + D\d 
by sending rj to rj A dsjj. 

2.2. Singular metrics and pseudonorms. The term "singular hermitian metric" or 
"singular metric" always means a hermitian metric whose local weight functions 
are locally Lebesgue integrable, and hence smooth metrics are coimted as singular 
metrics. For such metrics h we use 0;, to denote their curvature currents. Locally 
we have h — with 0;, — —35 log e"'*' — ddq>. 

Let X be a complex manifold of dimension n and L a line bundle on X with a 
singular metric h. Let s be a (Lebesgue) measurable section of mKx + L. Suppose 
s and h are represented by functions /(z) and h{z) in terms of local coordinates 
z = (z^, . . . , z"), = xj + of trivializing charts of L. 

Definition 2.1. We define a measurable (n, «)-form (s)^' by setting 

(s)| = /i(z) ™ |/(z) \^dx^ Ady^ A--- Adx" A dy" 

2 

locally, (s)^ is clearly well defined and is nonnegative with respect to the canorvi- 
cal orientation on X associated to dx^ A dy^ A • • • A dx" A dy". Therefore we define 

{{s))h = / (s)| < 00. 

J X 

This number is called the pseudonorm of s with respect to h. 

Suppose g is a smooth hermitian metric on Tx with Kahler form co. g induces 

a hermitian metric on the canonical bundle Kx, denoted as g^. Let dVoj — — j- be 
the volume form on X induced by g. It is easily seen that 

1 2 
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Using this expression one sees directly the following facts: 

(i) Suppose L and L' are two line bundles with singular metrics h and h' re- 
spectively. For any measurable sections s of mKx + L and s' of L', and / G N we 
have 



(2.1) {^^s')Lh'-\''\k^)l 
and 



(2.2) {s')ll, = {s, 



2 



(ii) If Sj is a measurable section of ntjKx + Lj and hj is a singular metric on 
Lj, j — 1,. . .,r, then we can deduce from the usual Holder inequality the "Holder 
inequality for pseudonorms": 

(2.3) ((si . . . ® srK:^::x ^ {{siK: ■ ■ ■ «^^))"- 

2.3. Almost semipositive line bundles and pseudoeffective divisors. A semipos- 
itive line bundle (resp. an almost semipositive line bundle) is a pair (L, h) of a 
line bimdle L and a singular hermitian metric h onL such that is a closed 

positive current in the sense of Lelong (resp. the sum of a closed positive current 
and a smooth (1, l)-form), or equivalently, each of its local weights is a nontrivial 
plurisubharmonic function, i.e. not identically — oo (resp. the sum of a nontrivial 
plurisubharmonic function and a smooth function). We will call such h a semipos- 
itive metric (resp. an almost semipositive metric) on L. The multipUer ideal sheaf 
associated to an almost semipositive singular metric h is the coherent sheaf of local 
sections and is denoted by or by J'{h). 

Remark 2.1. On a projective manifold X, a pair (L, h) is almost semipositive if and 

only if there exist a semipositive line bundle {Li,hi) and a line bundle with smooth 
hermitian metric (L2, /12) such that L = Lj ® L2 and h = hi® h2- 

A typical type of semipositive line bimdles consists of effective line bundles 
by the following construction. 

Definition 2.2. Let S = {si, ... ,s;} be a set of nontrivial global holomorphic sec- 
tions of a line bundle L. For any cr e Lx where x E X, we choose an arbitrary 
smooth metric horxL and define 



E |S;(X)|2 

If s is a section of Xx + and S — {si, . . . ,s/} a set of global holomorphic 
section of L, then for any smooth metric /z on L we have 
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It is clear that the definition does not depend on the choice of h. Locally if the 
sections {sj} are represented by functions {fj} then the weight function is 



which is plurisubharmonic, and hence \/^0,,g = \/^931og(ILj|/^ |^) ^ 0. 

Denote by Psef(X) C N^(X)r the closure of the real convex cone generated 
by numerical classes of semipositive line bundles over X. In the algebraic case, we 
have the following interpretation. 



Remark 2.2. (cf. [2J) If X is projective then Psef(X) = Eff(X) = Big(X), where 
Eff(X) (resp. Big(X)) is the closure of effective (resp. big) cone of X, which is also 
known as the cone of pseudoeffective divisors. 

3. The main extension result 

3.1. An extension theorem for adjoint line bundles. We will need the follow- 
ing extension theorem of Ohsawa-Takegoshi type for adjoint line bundles, whose 
proof will be given in Appendix 1. 

Theorem 3.1. Let X be a projective manifold, D C X a smooth divisor. Suppose an 
almost semipositive metric on the line bundle D such that IsdI;,^ is essentially bounded 
on X and {L,h) he a semipositive line bundle on X. If there is a real number ji > Q such 
that 

as currents on X, then for every section s of {Kq + L|d) ® there exists a section 

sofKx + D + L such thatslo = s A dso and 

where C > only depends on ess. supxlsolftp and ji. 

Note that the statement of Theorem 11.11 for m = 1 is exactly the statement of 
Theorem 13. II Hence we fix from now on a positive integer m > 2 and consider a 
non-zero u as in the hypothesis of Theorem ll.il 

3.2. Reduction to constructing a semipositive metric on m{Kx + D) + J^" l-j- 
Note that m{Kx + D) + Lj = Kx + D + {m - l){Kx + D) + Lj. In order 
to prove Theorem [LT] via Theorem 13. II we need to create a semipositive metric ho 
on {m-l){Kx + D)+ J^'" Lj such that 

as currents and 

^,(7Ads^' Th,<^- 

The construction of ItQ goes as follows. First, we choose A to be so ample that the 
following conditions hold: 
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Ai) For each r = 0, 1, . . . , m — 1, the line bundle (m — r)A is generated by its 



global sections {ij'^^ji 



(A2) The coherent sheaf (Xq + L^Id + (g) J^- on D is generated by its 
global sections {sjjji^i^j^ for each 1 ^ ;' ^ m. 

(A3) The following map induced by ® ■ ■ ■ — )• ■ ■ ■ is surjective: 



m 



(D, [Kd + L;|d + A|d) ® 

This can be achieved by Lemma [6. 11 in Appendix 2. 

(A4) Every section of {m{Kx + D) + L^' + otA) |d on D extends to X. This 
is a consequence of the Serre vanishing theorem. 

Suppose that we have a semipositive metric hex, (which will be constructed in 
Lemma [4.3l by using the auxiliary ample bundle A) on m{Kx + D) + ^™ Lj such 

that |t7- A ds^"'|^ ^ 1. We take Hq = hoi" {hi - ■ ■ hm)~' ■ The curvature condition 
holds since 

, u(m-^^ , 1 , , 

;=i 

by the curvature assumption in Theorem ll.il 

The finiteness condition also holds. To see this, first note that, by (|2.1b and 



2 



(((7Adsg'")®('"-i)(»cr; 

"CO 



By (A3), 



x{0) 
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where T;.j p are sections of (Xq + L^|d + A|d) for Z = 1,...,N. Again, by 
(Ol and dpi . 



N 2 2 N 



1=1 p=i 



where hj^ is a fixed smooth metric on A. 



Mo:=min^|t;°'|f!,„ >0 



exists since ^ |f; |^»„! is a nonvanishing smooth function by (Ai) and D is com- 
pact. Therefore 

By the above, (Ai), and (|2l3l . 



1 



N II) 



^M^EEy,(-/;i,.«---«W[;, 



Applying Theorem l3.1l to prove Theorem II. II is then justified if such hoo exists. 



1 



4. Construction of the metric h^o 

4.1. A modification of Siu and Paun's induction. Here we follow the argument 
in ||T31 and [19J. For every positive integer k = qm + r (q = [k/m] the Gauss 
symbol of k/m and ^ r ^ m — 1 the remainder), we let 

m 

L« ■.= qJ^Lj + Li + --- + Lr 

and let fj. := k{Kx + D) + L^*^' + mA where A is the ample bundle chosen in l3.2l 
Were m{Kx + D) + L*-™' known to have a family of sections which do not 

vanish identically along D and their restrictions to D are basically cr A dsj-, mul- 
tiplied by some functions which do not have common zeros, we can simply take 
hoo to be the semipositive metric defined by them (Definition |22J|. 

However, we do not know a priori that m{Kx + D) + L^™) have any nonzero 
sections (we are trying to produce one). Instead, for the ample line bundle A we 
can find a set of sections Sj^ of Fjt = k{Kx + D) + L^*^-* + mA whose restrictions 
to D have properties similar to those mentioned above (Lemma I4.1|l . Then we 
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try to obtain hco by "taking the i^-root" of the semipositive metrics /zs,|„, on Fqm = 

q{mKx + mD + L^™' ) + mA to "eliminate" the line bimdle factor mA (Lemma l4.3l l. 

Now we let A,. := Hill/- • -/^l for r = 1,2, ...,m — 1. For every / = 
[ji, . . .,],-) E A,-, we define 

(r) 

s| ' := Si^j^ ■ ■ ■ Sy^j^. 

with the convention that Ag = {0} s^^^ := 1 for r = 0. We define the special 
index set Aj; to be Ylii'i^, ■■■,N} and sections s^"'^ = si^j^ ■ ■ ■ Sm,y„, for all 
/ = (y'l, . . ■ ,7m) G A*j. We consider for each k > m the following statement: 

(E)/^: There exists a family of sections 

Sk = Wi^ -.J e ArA^l ^N} 

of Fj, over X such that 

(4.1) al'^lD = c^®!*^/'"] sf' tj'"' A isg'^ 

for all / e Ar and Z = 1, . . . , N, where r = A: — [A:/ m]in. 

Lemma 4.1. (£)j- holds for all k ^ Moreover, there exists a constant Q > which 
only depends on ess. suPj(.|sd|;,j-,, j-i, a, and the choices o/{t|'''} and {s^y} in (A2) and 
(A3) above such that 

(4-2) / E (4;')L«'>s, ^ Co 

;=i,...,N 

/or fl/Z k > m, where r = k — [k/m]m and 

\ m if r = 0. 

Proof. First, (E),„ holds by (A4). We proceed to prove that (E)j._i implies (E)j. for 
any k > m. Note that Fj. = Xx + D + F^^i + Ly* and hence F)^ |d = + (F;._i + 
i-rOlo + (^D /X + ^Id) by l2.1l We are going to apply Theorem |3.1| to the situation 
L = F,,_i + Ly* and s = £7®['^/'«l sj'^ A ds®**""^^. We choose the singular 
metric h on Fj._i + L,-* to be hs^ ^ hy* . 

The restriction /zg^^ |d is well defined by l|4.Hl , (Aj), (A2), and (A3); /Jr* |d is 
well defined by the hypothesis of Theorem ll.il Therefore /i|d is well defined. By 
I2.3l and the hypothesis of Theorem 1 1.1[ 

and the curvature condition is fulfilled. 
In the following we will show that 

/^(.«I^/'«]0s«0zWAis^(^-^)>^^^_^^,^,^C' 

for a positive number C' which only depends on the choices of {t'f^} and {Sy ;} in 
(A2) and (A3) above. This will imply s is a section of (Xp + (Fj-_i + Ly*)\-[)^ J^;, 
and, combined with the pseudonorm inequality on Theorem 13. 1[ will yield (|4.2| |. 
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Casel: r ^ 0,i-e. [k/m] = [{k-l)/m\. 



We choose smooth metrics fcyi on A Id, /z*^'' on (r — + L^*" and/z' 
on [k/m] {niKo + Lt™') + {k- l)(N^/x + D|d). We let h := h' (8) h^'"^^ <» hf" on 
h-ilo- Writing / = (/o,/o) with }'q e Ar-i,by (|2l)|, (|23l, and igljl, we have 



E |£r®[{'^-i)/'"i®s;r''®f!r'^Ads^ 



(fc-l)|2 
\h 



r=i,...,N 



Aasp |^,|S^, U(r-i)\s^,;o//,^0;ijt; l/jSt"-'') 

2^ J A aSp l;i('--i)r;' 

/'ga,_i ^ 

/'=!,.. .,N 

I ('--1)12 U('-)|2 

1 ' ' '"a 



J'eA, 



^ U(r-l)|2 



By (Ai) and the choices of s, j, 

, ^/fi ^2 



Ci := max 



'A 



2^ r/' \lje!{in-r+l) 



l'=l A 



exists. It is clear that 



D ft— 1 



^ Ci. 



Case 2: r = 0, i.e. [k/m] = [{k - l)/m] + 1. 

We choose smooth metrics hjy on A|d, /z^™^^) on (m — + L^™"^) |d, Ij on 
i^D + Lm[D + A|d, and h' on [(fc - l)/m](mXD + L^) + (/c - 1)(N* + D[d)- 
We let h:=h' ® /z^™"!' ® /z®'" on F^^iId. Now / e Aq = {0}, by llO, iZl, and 
(|4.1l l, we have 
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I, |(r IV ^/ JArtSp |^,|S^, U(m-l)^;,»("»-l)|t;. 



;'=i,...,N 



(m-l)|2 



I (m-l)|2 II u(m-l)|2 



By multiplying both the numerator and the denominator by the same positive 

N 

factor \sm,i\\f the expression becomes 



N 



f{0)\2 



V- I (m-l)\2 I |2 ^ |.(m-l)|2 

/'eA„_i ^ /'=l 



;=1,...,N 



N 



:\2. 



;=1 



„ |-(m)|2 



N 



m-l) ^ |^./ 

^ /'=1 



(0)|2 



m-l) 



N 

E 



/eAJ, 



»(m-l) 
A 



N 



E i; 



(m-l)|2 



/'=1 



k^ 



By (Ai) and the choices of 
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exists. By (A2) and (A3), a® t^^"^ is a linear combination of {Sj^'j/gA;,- The 
Cauchy-Schwartz inequality implies that 



C3 := max sup 



'=1 N D x: |s 



(m)|2 



exists. In this case we have 



It is clear that Ci, C2, C3, and hence 

C' := max{Ci,C2C3} 

depend only on cr and the choices of {t\'^} and {sy,/} in (A2) and (A3) (and is 

independent of k ^ m and the choices of the auxiliary metrics h/^, and h). 

In summary. 

By Theorem l3.1[ there exists a family of sections 
of F)f over X such that 



and 



X 



;=i,...,N 

This completes the proof. □ 

4.2. Siu's construction of the metric hoo- For any zvq = {wI,...,ivq) e C" and 
any r > 0, we let Dr{zvQ) denote {{w^ , . . . ,zv") : \zv^ — lypl < 1 ^ v ^ n}, 
the polydisk in C" centered at Wq with polyradii {r, . . . ,r). Choose a finite open 
cover W = {Wff }fl:e: of X such that each is biholomorphic to Di(0) and VV = 
{^Na} also covers X, where Wa C corresponds to Di/3(0). We also require that 
£-1 1 w^' • ■ • ' I w^' ^1 w^' ^^'i ^1 (and hence k ^ m) are trivial for all a G J. 

Suppose that £?|^' given by Lemma [4. H are represented by holomorphic func- 
tions f J, on W„ for each a e J. 

Lemma 4.2. T/iere exists Cq > smc/z f/zat 



1 N 



for all q &N. 

The essential part of this result is the uniformity of C'q with respect to q E N. 
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Proof. For each x E Wa whose coordinate is Wx = {iv]., . . .,w"), we let Wx be the 
subset of corresponding to Di/^{wx)- Since (J Wx (s W^, there exists M > 

such that on all Wx we have (following the notation in l4.ip 
(4-3) fl) |2 ^^ < A^E(^Sy^>L«.s, 

where u" = Re w", i^" = Im w'', and = dw^ A di;^ A ■ ■ ■ A du" A dz;". For each 
m ^ k ^ qm — l,hy Jensen's inequality, 1 14.31 , and Lemma |4T1 

1 ^ . ^,,(/:+l)|2^ 



Vol(Di/3(a;.0) JDy-,(w,) ^ 

I / loeFlf*'^' fdV 

Vol(Di/3K)) yDi/3(-.) ^/f/,'^'^'^''''' 

< lo ( ^ ( ''''' dv] 

]',l' ' 

(vol(W;,) /w, E('^Sy^)L®/^s,_i«5V 

<log: 



Vol(W:,)' 



Summing up the above computation from = m to A: = qm — 1 and applying 
the sub-mean value inequality, we obtain 

1 N 

" ^?Vo1(Di/3(k;,)) yDi/3(-v) °^,tl' ' 

^— / logEl/Sl^+^^^log^ 

(^TT JDi/3(u;x) ; = l ^ ^ 

^—1 logEl/Sr^V+^i^log^. 



Since we have only finitely many a E I, the expected constant Cq > clearly 
exists. □ 

Now we are ready to construct the desired metric hco- 

Lemma 4.3. There exists a semipositive metric hex on m {Kx + D) + L^™) such that 
\crAds$"%^^l. 
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Proof. On each e W we let 



where ( )* denotes upper semicontinuous regularization. By Lemma|4j2l 



1 



7{qm)\2 



( 1 ^ ~i n 

sup-logX]|^X 



f(qm) 1 2 



is a decreasing sequence of plurisubharmonic functions on W|!j, which are bounded 

above by Cg on W^, and hence /I"'' is also plurisubharmonic and bounded from 
above by Cg on W^. 

Let and G ( H ) , a, /5 e /be the transition functions of m (Xx + 

D) + L^™' and mA respectively By the definition of {/f ![,",'}, we have 

M™) - („ \H„ 

and hence 



N 



^ log E iS? 1^ = log + ^ log l««/3l^ + ^ log E If^Z 



N 



7iqm)a 



1=1 



1=1 



Taking lim (sup )* to both sides and exponentiating them, we eet rid of the term 



involving fl^^ and obtain 



e = |g«/5|^e-/« . 



This shows that the set of local data {e"-'" : a G /} defines a semipositive metric 
hoo on m{Kx + D) + L^"'\ 

It remains to show that | a A ds^"' | ^ 1. By Lemma lill 

for / = 1,...,N. Suppose that u A ds^™ and tl*^-* are represented by functions ipa 

and 
hence 



and T^^i^ on Wa H D respectively. Then we have /^l^g"/' ~ ^'^''^Iri l^or each Z, and 



N 



7(qm) 1 2 



^logEi/j; 
'/ 1=1 



DnWa 



1 

iog|!/'«l^ + -iogE Iv*: 



(0)1 2 



Since 



N 



7<<jm) 1 2 



sup - log E IS; 

^q>p H 1 = 1 



1=1 



1 N ^ , „ 



^ sup - log ^ \fll 



;0,; 



Dnw„ 



we obtain that 



V«nD = lim (sup ^ log ^ j/J;!,'"^ M 



^ log|!pa|^. 



This shows that e IVaT ^ 1 for each a e I and hence completes the proof. □ 
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5. Appendix 1 

In this appendix we will provide a proof of Theorem l3.1l Let O be a complex 
manifold and let D be a nonsingular hypersurface in O. Suppose that (D, ftp) and 
{L,h) are line bimdles on O with singular metrics, and s G H^{D, Kd + L|d). 

Consider the following statement: 

E{n,{D,hD),iL,h),s): If 

(i) {L,h) is semipositive, 

(ii) /z|d is well defined (seelZ2landl23]|, 

(iii) there are real numbers j,i > and M > such that 

as currents on Q and 

ess. supj-j|sd|,,j3 M, 

and 

(iv) 

then there is a section sq of H° {CI, + D + L) such that Sn | d = s A dso and 




where C > only depends on M and ]i. 

In order to simplify notations, when L and D are trivial line bundles we 
always write h = e^^ and /tp = e^^^ , and rewrite E^D., {D,h£i), {L,h),s) as 
E (Q, (pD, K, s) . For brevity, when we write E (Q, q)D, k,s) we assume implicitly that 
D and L are trivial bxmdles. 

Theorem 5.1. The statement E(Y, (pD,K,s) holds ifY is a Stein manifold and the 
sum of a plurisubharmonic function and a smooth function. 

Proof of Theorem \3J] Choose a sufficiently ample hypersurface V in X such that 
D and D and L are trivial over X\ V and (pu is the sum of a plurisubharmonic 
function and a smooth function (cf. Remark l2.1l l. Then the theorem follows from 
Theorem |5.1| by taking Y = X\V, and the Riemann extension theorem. □ 

5.1. Smoothing of singular metrics. Let Y be a Stein manifold of dimension n. 
Then we can find a locally biholomorphic map tt : Y — > C" (cf. |6], p. 225). In our 
case Y will be X\V, the complement of an ample divisor in a projective manifold, 
for which such a map n can be constructed directly. The locally biholomorphic 
map can be used to define the operation of convolution for functions on relatively 
compact open subsets of Y. 
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We define a function R : Y ^ U {+00} as follows. For z e C", denote by 
Br/ (z) the ball of radius R' centered at z. For y G V, let 

:= sup{ R' > \ n : 71^^5^/(71(1/)) ^> 5^/(71(1/)) is biholomorphic } . 

R is easily seen to be lower semicontinuous. Let 

Rn := inf R{ij) > 

yen 

for every relatively compact open subset Q (e Y. Note that ^ R^/ for H (e 
Q' (e Y. If / : Y ^> R U {—00} is a function and {iDe} is a family of smoothing 
kernels associated to a symmetric moUifier p on C", then we can define the convo- 
lution /f as follows. For any y & Y we have a coordinate chart 

TZy := n\u,, : !iy := 7r-iBR(y)(7r(y)) ^ BR(y)(7r(y)). 

Then 

/,(y) :=((/o 71^-1) *p,)(7r(y)) 
for every y with R(y) > e. Note that for any x,y e Y, f o n-'^\„(^^^^^^^) = 

f ° ^y'^\n{u,nu,j) and hence f,\u,j = ((/ o 7r~^) * p^) o tz\u^^. Therefore, if / is 
plurisubharmonic, the convolution is also plurisubharmonic on a relatively 
compact open subset Cl for all £ < Rn- 

Lemma 5.1. Suppose Dq is a nonsingular hypersurface in Y. If Dq and L are trivial 
bundles and cp^^ and kq are smooth on Y , then E{D.,cpij,K,s) holds for every relatively 
compact pseudoconvex domain Ci. with smooth boundary in Y and 

s e image (H° (Do, + L|do) ^ H^{D,Kd + L|d)), 

zvhere D = DqCi D., cp^ = foo In/ and k = kqIh- 

Now we deduce Theorem 15.11 from Lemma [5.11 whose proof will be given in 
next subsection. 

Proof of Theorem ISTI Suppose <pD = f' + f" where cp' is plurisubharmonic and (p" 
is smooth, and suppose s is a section of Kjj + L | p over D with 




Let cp'g = cp' * jOe and = cp" * p^ on the subdomain of Q where they can be 
defined. We choose a sequence of pseudoconvex domains Qj <s ■ ■ ■ (e dp (e 
Q,/+l (£ ■ ■ ■ with smooth boundary exhausting Y and a decreasing sequence {ev} 
converging to zero such that the following conditions hold: 

(1) ^ni, > and Kg^, = k * p;,^, is a smooth plurisubharmonic fimction on Cly. 

(2) For each N E N, the sequences {k:£,,}i,^]v and {<P£j,}i/^N decrease to k and 
cp' on O^f, respectively. 

(3) For each v, we have |sd| e^'^'f- ^ 2|sd| e"''' on Q^. (Here |sd| is taken 
by viewing as a function via the global trivialization of D. Note that on 
each relatively compact set e^f^ converges to e^f as e — )• 0. Therefore for 
each V we only need to choose ty so small that \e~'^^v — e~'P | ^ infn^, e^"^ 
on flv.) 
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Therefore 

supj-j^^ \sd\(p,,, ^ \/2ess. supj-j|sD|<pn V2M 

for each v. Clearly, Kc^, is not identically — oo on D n O^. 
The curvature condition 

implies that there is a plurisubharmonic function ^ such that \iK — cpD = ip a.e. on 
y. Then jiK^y — (p^^, = ip* p^^ a.e. on Q,,. Since ^ * pej, is plurisubharmonic, we get 

on Ci.y. Having assumed the validity of Lemma [5. II we can obtain such an exten- 
sion sciy- Since k^^, ^ k, we obtain 

for all V ^ N. (Here we abuse the notation by using weight functions to stand for 
their associated metrics.) Notice that the RHS is independent of n (C only depends 
on M and By (iii) in E(Y, (pu, k, s), for each N e N, the weight function cp + k 
is bounded from above on O^^i by a number Mn > 0. By the definition of 
convolution cpi,^, + k^^, are bounded from above by the same number Mjv on On for 
sufficiently large v. By diagonal method we can select a subsequence {sq^,^ }keN 
such that {sn^.^jt^N converges uniformly on for each N G N. This way we 
obtain a section sy e H*^ (Y, + D + L) by setting sy | n„ = lim sn,, ■ We let Xcif^ 
be the characteristic function of Qjv on Y. dS.ll l can be rephrased as 

Applying Fatou's lemma, we obtain the desired inequality 



(Sy)2 ^ C / (S)2. 
Y ^ Jd 



□ 



The rest of this appendix is devoted to proving Lemma [5.1| 



5.2. Proof of Lemma 15.11 From now on, we assume that Y, Q and s are as in 
Lemma 15.11 Let p be a defining function of O. We follow almost the same ar- 
gument as Siu's in fT9l . 

Definition 5.1. Let (z^, . . . , z") be local coordinates on some open set U and let eu 
be a local holomorphic frame of L. We put = h{eu, eu). 

(1) For M, V being L-valued (p, (j)-forms with measurable coefficients, we set 

and |u|^ := {u,u)j^ where g is a hermitian metric on O with lo being its 
associated (1, l)-form. We will sometimes write (m, v)^ = {u, v)^ by abus- 
ing the notation. Note that when (p, (?) = (w, 0) we have |m|^ = {u)\ as in 
Definition O 
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(2) Given an L-valued {n, l)-form u. Locally we have u = ^M^ey (3 dz A dz^ 
where dz := dz^ A ■ ■ ■ A dz". We define an (n, 0)-form 



■.= J^g''Pujeu®dz. 



For a continuous (1, l)-form S which has a local expression \^ —l^^-^dz"^ A 
dz/^.WesetS[M], := E?«/3 ('""''^"l 



■ ' "P 

We also need the following standard result from functional analysis: 

Lemma 5.2. Let T : 14,1 ^ T-L2 and S : I-L2 ~^ '^3 be closed, densely defined operators 
between Hilbert spaces with ST = 0, and let C > be a constant. Given g e 
Sg = 0. Then there exists v such that Tv = g and \\v\\ ^ C if and only if 

(5.2) \{u,g)\^ i^C^{\\T*uf + \\Suf) 

for all u e Dom S n Dom T* . 

Let cp, f] and 7 be smooth functions with f/, 7 > 0. Set rje^'^ = e^'^. We recall 
the twisted Bochner-Kodaira formula (see IT9l , Proposition 3.4) 

+ (jiV^ddxp - V^ddri'j [u]^ + 2Re^ (^i'^'' u,d*^,u 

for each L-valued smooth (n, l)-form u in Dom 3^, n Dom 3. 

Remark 5.2. For S"''^ (n, L) being the space of L-valued smooth (n, 1) -forms with 
compact supports, £"'^ (O, L) H Dom 3^, H Dom 3 is dense in Dom 3^ H Dom 3 with 
respect to the graph norm. Therefore, to get a priori estimate from Lemma [5.2l we 
only need to consider smooth u with compact supports. 

Since Ci is pseudoconvex, the Levi form of is semipositive at each point of 
30. Adding J 7|3^m|^, to both side of | |5.3|I and using r]e~'P' = e~f , the twisted 
Bochner-Kodaira formula becomes 

/^('/ + 7)|5H + /^#^ 



(5.4) 



We set r(x) := |sd(x)|;,p for x e H. We first assume that ^ ^ 2M^ and let c 

be a positive constant to be specified later. We set Nq := max{l, sfehA^'^}. Choose 
any positive number A > Nq. Let 



For each positive e ^ £0, we let 

A 

// = log ■ 



(r2 + e 
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and 



2c2 



Then;/ ^ l/2onn. Applying the Cauchy-Schwarz inequality and 9// = —-^^^'dr, 
we obtain 



2Re 



n 



<:2 |i^'?wL|alM 



n 



In 



2'^'' I dr I 13* I 



2r2 

n /"^ + £^ 

2r2 
n + 



2c2 



d,,,u\ 



nr2 + £2l"^"l'/' 



n 



From ||5.4|| it follows that 



(5.5) 



n 



('7 + 7)l4"lr 



n 



n 



n r- 



Now we compute —ddrj. Since r2331og = 2rddr — 2dr A dr, it follows that 
aa,,2 



V-lddr^ = IV-ldr Adr + Irs/ -Iddr 

= r^y^aaiog + Ay/^dr A dr. 

By the Poincare-Lelong formula, 

y^331ogr2 = 27r[D] - y^ddcpo, 

where [D] is the current of integration over D. Hence 

(5.6) ^/^^^r^ = Ay^dr Adr-r^ \f-lddcpD ■ 

The term involving the current of integration vanishes since = on D. 
We let t]o = - log (r^ + e^). From ddr'^ = dd(e^''°) it follows that 



ddr^ = e 



(5.7) 



-'/o 
4^2 



r2 + £2 

Using l|5.6b , l|5.7l l and didr] = cddrjQ, we get 



dr]Q A drjQ — ddtjo 
dr Adr - (r^ + e^^ddrjo. 



(5.8) 



-133;? 



r2 +£2 



-133(pi 



4c£2 



(;-2 + £2)2 



-Idr A dr. 



Choose i/) = K + 2^^- Note that V—lddip ^ 0. Using l l5.6l l and (|5.8l l we get 



(5.9) 

t]\/ — lddxp — ^/ — Iddf] = r]^/ — lddK 

a , 

-133<pd 



/ r2 



\2fiM^ ;7(r2 + £2) 



4c£2 



1^2?;M2 ' (r2 + £2)2 



-Idr A dr. 
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Since ?/ ^ 1 /2 we get 



y2 



We now choose c so that c ^ ^ ■ follows that 

(5-11) V^^^'c - + y^Taa,, ^ 



where the inequality is from (|5.101 and the curvature hypothesis. 



From lESll, lES, CTI l and ^^^^ ^ 2 ^ ^^^^ we obtain 



(5.12) I (T^ + j)\d*^u\l+ I fi\du\l^ I — «|^. 

We now consider the modified 3 operators T and S defined by 
Tu = d {\/fl + 7m) and Su = ^{du), 

respectively. They are densely defined and S o T = 0, and we can rewrite l|5.12t to 
obtain the following lemma. (See Remark I5l2l ) 

Lemma 5.3. For each L-valued {n, l)-form u in Dom S n Dom T* we have 

(5.13) \\T*u\\l^^ + \\Su\\j,^^,^ [ 



ttsT^ II • ||n,i/i means the norm for O with respect to the weight function e ^. 

Since Y is Stein, there exists a (D + L) -valued n-form sq on Y such that sqId = 
sAdS]j. Choose anynumberO < i5 < 1. Let (5 E C°°([0, +oo)) be a cut-off function 
with ^ (7(x) ^ 1 so that q is identically 1 on [0, and 

(5.14) supple [0,1] and sup|^'|^l + J. 

Let Qi; := Q (^^^ and let 

•= ^' [^) [spi^so 

Note that is smooth because the singularity of dr A ^s^^ (3 sq^ lies in the zero 
locus D of Sd and (?' { ^ ) equals zero in the tubular neighborhood < ^e^. Then 
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we have 



|(m, a£)n,^| 



n 



n 



2r I ( r 



(g) So ) 



n 



n 



® So 



n(r2 + e2)2'^ 



ISmI 



where the last inequality is from Lemma [5. 3[ and we have used the notation 



C := 



n 



72 Ul 



.2x 2(r2 + e2)2 



1 So 



By Lemma l|5.2|l , we can solve the equation T/Jg = 3 ( v^'/'+T'/^e) = such that 
(5.15) 



n 



5.3. Estimate the constant Ce- Now we estimate the constant Q. Take y S Y an 
arbitrary point and (i) = + iy^) local coordinates on a open set lly centered at 
y, and let ei (respectively, eo) be local frames of L (respectively, D) such that the 
following conditions holds: 

(1) sd = z" (g) eo on Uy-, 

(2) If ^ = f + ZT := z"e , then (x ,i/ , ■ ■ ■ , t) forms a coordinate system; 

(3) Uy = P„_l 



{r < e} where P„_i is a (n — 1) -dimensional polydisc; 
(4) We have 

So = ^u,/^D (g ei ® ^^z-^ A ■ ■ ■ A dz" and s = cru^^ei dz-^ A ■ ■ ■ A dz""-' 
on Uy. (Note that so is defined not only on O but on Y.) 
Since soId = s A ds^, we get 

^?^^(z^•••,z"-^0) = c7^/z^•••,z"-l) 

on Uy. Choose a partition of unity {pj} subordinate to a finite subcover {Uj} C 
{^y}yenof^-Then 



(r2 + e2)2 2 



|Sd^ ® sol^ 
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For each / we let V,- !Jy n Q n { y ^ ^ ^) 

(r2 + £2)2 ,2-K-2f^ 



(l + <5)2 



Therefore 

A direct computation yields 

e-fodx^ hdy^ h--- hdy" 



(1 + 0(r)) dx^ A dy^ A • • • A dy""^ A A dr. 



Let/ :=py|cru.|^e 



Then 



Ij ^ pjlaufe-" ^^ y ^ (1 + 0{r))rdx^dy^ ■ ■ ■ dy"-'^drde 

where 

v2 I o2\2 



IlO) ^ j^^(/(z\ • • • ,z") - /(z\ • • • ,0)) y ^ r rfx^ V • • • drde, 
Ill(i) = J^ f{z\-- ■ ,z'')'^—^^fi^O{r)rdx'^dy^ ■ --drde. 



Note that the term /(z\ • • • ,z") - /(z^ • • • ,0) in 11^'') prod uces a factor r. Thus 
n^^^ and III^^^ converge to zero as e tend O"*". Then 



liinsupQ<^i^£.l(^) 



(5-16) ^^!niW(/ (,)2)H„.sup/ , 



-r 



nnD 



5.4. Extension and the norm bound. Now we set 

Then Se is a holomorphic section by construction and 

/^keSo||j,^ft^Oase^O+ 
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because sq is smooth in the relatively compact set O and the support of QeSQ ap- 
proaches a set of measure zero in Q as £ ^ 0^. 

The supremum norm of r^ytf+^ on O C {r ^ M} is no more than the square 
root of 

/ I 2c^ \ c 
sup logA + clog^ 2+^ j^-^^log^"^ ^2c^ 



e 



because the maximum of y log ^ on (0, +oo) occurs at y 
Take A -> ]Vg+, 6 ->0+.By using (|516l l and 



n 



from l|5.15t and r ^ M, we get 



limsup / (Se)^^^h < Co / (s)2 



where Q = y log Nq + ^ + 2. Then the limit Sq (up to subsequences) 

is an D + L-valued holomorphic n-form on O whose restriction to D is s A dsp 
with the following estimate 



If < 2M^, we replace the metric by the metric /zq := jfHvP^^' 
supQ = This finishes the proof of Theorem l5.ll 



Remark 5.3. In the statement of Theorem 15. II the requirement that D and L being 
trivial bundles is used only for smoothing the metrics on them. Therefore the same 
argument shows that E(n, (D,/zd), (L,/z),s) holds if Q is Stein, {D,h£)) and {L,h) 
are smoothly metrized, and s E H^{D,Kd + L\i)). 

6. Appendix 2 

The following lemma about generalized multiplication maps is used in |3.2| to 
select the auxiliary ample divisor to fulfill (A3). For the convenience of the readers 
we give a proof in this appendix. Some of its special cases are well known in [9], 
IIT6J . The proof presented below is a modification of their arguments. 

Lemma 6.1. Let D and E be ample Cartier divisors on a scheme X. For any coherent 
sheaves and on X, there is a positive integer m^ = mQ{D, E, ^2) such that 

H°(X,^i ® ^x{aD)) H°{X,^2 ® ^x{bE)) 

H° (X, ^1 ^2 ^x{aD + bE)) 

is surjective for all a,b^ mg. 

Proof. First we assume that ^1 and ^2 are locally free. Consider on X x X the 
exact sequence 

(6.1) O^^A^^XxX^A*^x^O 
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where A is the diagonal morphism. Let pi and p2 be the two projections and 

aDabE = p*^{aD) (E) p^{bE) 

and 

By tensoring (j6.ip with we get 

— ^ ^ J^A — ^ ^ — ^ ^ «) A*^x — ^ 0. 
Twisting by ffxxxi^^ H ^E) and taking cohomology, we obtain an exact sequence 

H°(X X X,'^{a,h)) ^ H°(X X X, A*^x)(a, ^)) ^ 

h1(Xx X,(^®^A)(fl,b)) 

where we use [a, h) to denote the twisting cg)^xxx(^D ffl bE). It suffices to verify 
that there is a positive integer such that 

(6.2) h1(XxX, (^(8J^V^)(fl,f;)) =0. 

for a,b ^ otq. Indeed, there is an isomorphism of cohomology groups 

H°(X x X,'^{a,h)) ^ 

H°(X,^i ® ^x(flD)) 0H°(X,,^2® ^x(?'E))- 

By the projection formula, 

(^0A,€?x)(fl,^') = A,(A*^(fl,b)). 
By definition of the diagonal morphism we have p, A = idx, hence 

A* (p*^i ® p\^2. ® PliaD) (g) p*2{bE)) ^^i®.:^2® ^x{aD + bE). 
Therefore the cohomology group 

H°(X X X, (^0 A*^x)(fl,fc)) = H°(X X X, A*A*^(fl,fo)) 
is isomorphic to 

H°(X,A*^(fl,b)) ^ H°{X,^i(E)^2'E)^x{aD + bE)) 

as desired. 

Now we prove II6.2I I. To this end, we use the ample divisor aD ffl bE to con- 
struct a (possibly non-terminating) resolution 

(6.3) ^ €?xxx(-pi, -Pi) ^xxx(-po, -Po) -^^(^-^A^O 

for suitable integers ^ po ^ pi ^ ■ ■ ■ where again {a, b) means the twisting 
(g)^Xxx(^C) ffl bE). Set d = dimX x X. By dimension shifting, to prove (j6.2p it is 
enough to produce an integer niQ such that 

H'(X X X, ^x XX (a - Pi^i, b - p,-i)) = 
whenever a,b niQ and f = 0, 1, . . . , d — 1. In fact, we have then 

(X X X, «) ^a) (fl, b))^H^{Xx X, ,y^o(fl, b)) 

^H''(XxX,jrd_2(a,fc)) 
^H^+^{XxX,jea.^{a,b)) =0 
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where J^; is the kernel of the morphism 

^Xxx{-Pi, -Pi) ^Xxx{-Pi-1, -Pi-l) 

for i > and J^o is the kernel of 

^Xxxi-Po, -Po) ^ ^ ® A ^ 0. 

The last group vanishes by dimension reason. The existence of the required integer 
niQ then follows from Serre's vanishing theorem. 

For general coherent sheaves ^j, we can write J^j as a quotient of a sheaf 
which is a finite direct sum of sheaves of the form ffxi^i)- We consider the 
following exact sequence 

— ^ — > Si®,g2 — > .^i®.^2 — ^ 0. 
Choose a positive integer niQ such that 

(1) H^{X,^® ex{aD + bE)) vanishes for a, ^ mo, and 

(2) the multiplication map 

H°(X,^i (8) ffxiaD)) (8) H° {X,S'2(8)ffx{bE)) 

H° (X, ® ® ^x(«D + &£)) 

is surjective whenever a,b ^ niQ. 
Consider the commutative diagram 

H°{X,S'i (g) ffxiaD)) (g) H°{X,S-2 ® ^x(bE)) ^ H°(X,^i 'g)S'2® ffx{aD + bE)) 

(X, ® ffxiaD)) ® H° (X, ^2 ® ^xibE)) ^ H° {X, .^x® 3^2® ffx{aD + bE)) 

If a,b ^ niQ, the right vertical map is surjective by (1), and the upper horizontal 
map is surjective by (2). So the lower horizontal multiplication map is surjective 
for a,b ^ niQ. This completes the proof. □ 

Remark 6.1. In the case X being smooth the resolution (I6.3P is actually finite by the 
Hilbert Syzygy Theorem. 
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